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ABSTRACT. In this paper, we investigated some famous distance based topological indices 
of strong double graphs. Some bounds are also defined on certain distance based topological 
indices of some families of graphs of strong double graphs as corollaries of main results. 


1. INTRODUCTION 


Let G(V,E) be a graph, where V and E represent the vertex and edge sets, respectively. 
The number of elements in vertex set is called the order of the graph G and the number of 
elements in edge set is called the size of the graph G. In a graph G, the distance between 
two vertices u and v is the length of the shortest path connecting them. It is denoted as 
dalu, v).The maximum distance between the vertex u and any other vertex of the graph G 
is called the eccentricity of the vertex u , eccg(u), in the graph G. The degree of a vertex 
u € V (G) is the number of adjacent vertices to the vertex u, which is denoted as dg (u). Ph, 
Sn, and Kn notations represent the path, star and complete graphs with order n respectively. 
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Munarini [10] introduced the double graph D[G] of a simple graph. The double graph 
of a simple G can be constructed by taking two distinct copies of the graph G and joining 
each vertex in one copy with the neighbors of the corresponding vertex in another copy. The 
k-fold graph [2] D* [G] can be obtained in a similar way, by talking t distinct copies of graph 
G and joining each vertex in one of the copy with the neighbors of the corresponding vertices 
in other copies. 

The strong double graph [2] of a graph G, SD(G), is the graph obtained by taking two 
copies of the graph G and joining each vertex u; in one copy with the closed neighborhood 
N |u;| = N (ui) U {ui} of the corresponding vertex in another copy. 

Topological index is a numerical quantity associated with the molecular graph G obtained 
from the corresponding molecular graph structure. This quantity is invariant under graph 
isomorphism. In chemical graph theory, topological indices are used to describe some physical 
and chemical properties of different compounds. Hundreds of distance and degree based 
topological indices have been introduced, but few succeed to attain the attraction of chemists. 

The Wiener index is a distance-based graph invariant defined as [4] 


W(G)= X` d(u,v) 
{u,v}CV(G) 
In 1993, Randic¢ proposed the hyper- Wiener index [13] as a kind of extension of the Wiener 
index. It is defined as 
WW(G) = ; SO [delu,v) + de(u, v)?] 
{u,v} CV (G) 
The Harary index of G is defined as the sum of reciprocals of distances between all 
unordered pairs of vertices of a connected graph [5]. 





H(G@Q= >. an 


{u,v} CV (G) 
[1] and [20] modified the Harary index and defined the additively and multiplicatively 
Harary index as 


d(u)+d(v 
Ha (G) = y{ue}CV(G) wie 
d(u)d(v 
Hu (G) = Y unco oe 
The degree distance index of a graph G was proposed by Dobrynin and Kochetova [4] as 


DD(G)= XJ, [de(u) + de(v)|de(u,v) 
{uwv} CV (G) 
I. Gutman introduced the Gutman index [7] 


Gut(@)= X` de(ujde(v)de(u, v) 
{u,v}CV(G) 
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Sharma |14] introduced the eccentric connectivity index of a graph G which is defined as 


(G= Y d(ujece(u) 


u€V(G) 


and the total eccentric connectivity index is defined as 


C(G) = So ece(u) 
ueV(G) 
Jamil [9] found some distance based topological indices of double graphs. In this paper, we 
compute some topological indices of strong double graphs and find sharp bounds on strong 
double graphs of different families of graphs. 


2. MAIN RESULTS 


The composition of two graphs G and K with disjoint vertex sets is the graph G/K/ with 
vertex set V (G) x V (K) such that two vertices (u1, u2) and (v1, v2) are adjacent if and only 
if uy = vı and ugve € E (K) or uv, € E (G) . One can see that a strong double graph can 
be obtained by composing the graph G to the complete graph Ko, i.e. SD (G) = G [K3]. If 
a graph G has order n and size m then its strong double graph SD/G/ is of order 2n and size 
5m. Fig. 1 shows a graph and its strong double graph. For further results and properties, 
refer to [3,10]. In this section, we compute some topological indices of strong double graphs 
and also mention some bounds on strong double graphs of some certain families of graphs. 





~ 


G 
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FIGURE 1. A graph G and its strong double graph SD[G]. 


Let G’ (v, E') be the distinct copy of the graph G(V,E). Then the strong double graph 
SD[G] have the vertex set V (SD [G]) = V (G) UV (G'), where V (G) = {21,22,-++ , Zn}, 
V (G’) = {y1, Y2," , Yn} and y; are the corresponding vertex of x; in V (G’). 


Lemma 2.1. Let G be a simple graph and SD|G] be its strong double graph. Then 


dspjc] (xi, yj) = dg (£i, £3) i,j = 1, ene n, i FJ 
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Proof. 

Let x; € V(G) and y; E€ V(G"). Suppose l = dspjaj (zi, yj) < da (xi, xj) = p and a shortest 
path in SD[G] is xv;v2---y_iy;. If l = 1 the property is true. Let l > 2. It follows that 
there exists some vy € V (G’). Since vz_; and vk+ı are adjacent to vz, by construction vk—ı 
and vug+1 are adjacent to x;,(corresponding vertex of vg in V(G)). We have obtained a path 
Lj{ViV2... LR... U-1y; in SD[G], which implies the existence of a path £i£1£2... Lk... L112; 
in G of length l, a contradiction. If l = dgpiq (ai, y;) > da (z£:, £j) = p, we get a similar 
contradiction. Consequently, dspja] (£i, yj) = da (Ti, £j). 


Lemma 2.2. Let G be a simple graph and SD|G] be its strong double graph. Then 
dspjaj (£i, £j) = dg (£i, z4) 34,7 =1,...,n. 

Proof. 

Clearly, G C SD[G]. Let {x;, x;} C V (G) C V (D [G]) then dspja (£i, xj) < da (Xi, £3). 
Suppose | = dspjaj (xi, £j) < da (zi, £j) = p and a shortest path in SD[G] from 2; to x; is 
LjVjV2°++Y-1x;. If l = 1 then the property is obvious. Suppose l > 2. Since | < p, there 
exists some vz, € V (G'). As vp_1 and vg41 are adjacent to vz, by definition of the double 
graph vp_; and vk+ı are adjacent to x,(corresponding vertex of vz; in V(G)). Now we have 
obtained a path x;v,v2...%,_°+* Yj—12;. In this way we can find a path 7,71 %2...@, +++ Cj_-1X; 
in G of length l, which is a contradiction. It follows that dspiq (£i, £j) = da (ai, vj). Simi- 
larly, dspjqy (Yi yj) = da (Yi, yj). 


Lemma 2.3. For a simple graph G and its strong double graph SD|G], we have 
ecegnic (xi) = eccspja lyi) = eccal) ;i=1,...,n 
Lemma 2.4. For the strong double graph SD|G} 
dgnig (xi) = dspja (ys) = 2da (zı) +1 54 =1,...,n. 


Theorem 2.5. Let G be a simple graph with n vertices. Then the Wiener index of SD|G] 
is given by 
W (SD|G]) = 4W (G) +n. 
Proof. 
The Wiener index of SD[G] is 


W(SDIG)) = So dspalvi vj) 


1<i<j<n 


= >P dspjaj (zi, £j) + y dspja) (Yi, Yj) 


1<i<j<n 1l<i<jcn 
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Ta ` dspja) (£i, Yj) 
ij= 


1,..., n 


By lemmas 2.1 and 2.2 , we deduce 


= W(@)+W(G)+2W(G)+n 
= 4W (G) +n. 


A well known property of the Wiener index of trees implies the following corollary. 


Corollary 2.6. Suppose T,, is a tree with n vertices. Then 
W (SD [S,]) < W (SD IT,]) < W (SD [P,]). 


Theorem 2.7. Let G be a simple graph with n vertices. Then the hyper- Wiener index of 
SD|G] is given by 


WW (SD[G]) =4WW(G) +n. 


Proof. 
The hyper-Wiener index of S'D[G] is 


WW(SD[G]) = ; ` (ds pic (vi, vj) + (dspjaj (vi, ¥y)”) 


1<i<j<n 


(dspiq (£i, £j) + (dspja) (£i, 25))”) 


XO (dspa (vi v) + (dspja (vi ¥/))”) 


1<i<j<n 


+ X. (dspja (#1, v) (dspja] (£i y;))?) 


1<i<j<n 
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By lemmas 2.1-2.2 , we deduce 








1 
WW(SDIG)=5 >, (de (ai, 23) + de (ai, 25))”) 
l<i<j<n 
1 
15 (da (xi, ti) + (de (xi, 5))”) 
1<i<j<n 
1 
ahs XO (de (zi 03) + (de (ai, 25))?) +n 
ij PEES n 
= WW(G)+WW(G)+2WW(G)+n 
= 4WW (G) +n. 


From [8], we have the following corollary. 
Corollary 2.8. If T is an n vertex tree, then for all values of n, n > 1 
WW(SD[S,]) < WW(SD[T]) < WW(SD[|P,]) 
Theorem 2.9. Let G be a simple graph with n vertices. Then the Harary index of SD|G] 


is given by 
H (SD|G]) = 4H(G) +n. 


Proof. The Harary index of SD[G] is 





1 
H(SD[G))= X —— 
ea dspja (vi, vj) 
ee a 
1<izjen ISD) (Pin 23) 1 FHen EsvIG] (Yi Ys) 


1 
-+ Peo 
2 „ asp| [G] (xi, Yj) 


EPA 


By Lemmas 2.1, 2.2 we have 


1 1 
H (SD [G]) = m == 
ae da (Xi, £5) 2 de (xi, 25) 
1 
le n 
oo dg (£i, £j) 
ij 
= A(G)+ H(G) + 2H(G)+n 
= 4H (G) +n. 


From [19], we have the following result 
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Corollary 2.10. Let G be a connected graph of order n. Then 
H(SD[G]) < H(SD[K,]) 
and equality holds if and only if G = Kn. 
Corollary 2.11. Let T, be a tree with n vertices. Then 
H (SD [P,]) < H (SD [T7]) < H (SD [Sx]) 


Theorem 2.12. Let G be a simple graph with m edges. Then the additively weighted Harary 
index of SD|G] is given by 


H4 (SD |G]) = 8H, (G) + 8H (G) + 8m + 2n. 
Proof. The additively Harary index of SD|G] is 


K dspjajlvi) + dspjaj (v3) 
H,(SD|G]) = `> dgpiq(vi, v) 





1<i<j<n 


dspia) (zi) + dspja) (£3) 5 dspiq\ (yi) + dspjaj (y) 


dspiq (£i, £j) 








ees ae dg pic] (Yi; Yj) 





4 5 dspiq\ (ti) + dspja (y) 
dspiq (£i, Yj) 
By lemmas 2.1, 2.2, 2.4 the last expression is equal to 


y 2da (xi) + 2dG (x;) +2 y 2da (xi) + 2de¢ (x;) +2 











1<i<j<n da (Xi, £5) 1<i<j<n da (xi, £3) 
i,j=1,..., n da (Ti, £5) 


= 2H; (G) + 2H (G) + 2H4 (G) + 2H (G) + 4H4 (G) + 4H (G) 


2 
+4 GH REIL 23. 
Ps a (a) 2 t CEET 
= 8H 4 (G) + 8H (G) + 8m + 2n. 
Corollary 2.13. Suppose T, and Un be tree and unicyclic graphs, respectively, with n ver- 
tices. Then 


H, (SD|T,]) = 8H4 (Tn) + 8H (Tr) + 10n — 8. 
H4(SD[Up]) = 8H4 (Un) + 8H (Un) + 10n. 
H, (SD|B,]) = 8H (Bn) + 8H (Bn) + 10n +8. 





Corollary 2.14. Suppose Tn is a tree with n vertices. Then 
Ha (SD [|P,]) < Ha (SD |Ta]) < Ha (SD [S,]). 
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Theorem 2.15. Let G be a simple graph. The multiplicative weighted Harary index of SD|G} 
is given by 


Hy (SD [G]) == 16H (G) + 8H4(G) + 40 (G) + 4Mi(G) + 8m4+n 


Proof. The multiplicative Harary index of SD|G] is 





Hy(SD[G) = Sy Ssntaikddsnraites) 


ee dspja (vi; vj) 





Ny dspja (#1) dspja) (£3) dspia\ (yi) dspia) (Ys) 
dspja] (ti £j) 1<icj<n dspja) (Yi Yz) 





I<i<j<n 


i D dspja) (xi) dspja] (y) 
T ia] (i, Yj) 





ieii 


By lemmas 2.1, 2.2 and 2.4 this expression equals to 


y (2da (ai) + 1)(2da (#5) + 1) y (2da (a) + 1) (2da (z3) + 1) | 




















1<iZj<n da (Ti, 2) 1<i<j<n delt) 

p eda te A Degas) 5) XO (2da (wi) + 1)(2de (ai) + 1) 
i,j=l,..n da (i, Tj) xic V (G) 
il 


= 4Hy (G) + 2H4 (G) + H (G) + 4Hm (G) + 2H, (G) +H (G) 
+ 8Hm (G) + 4H, (G) + 2H (G) 
ae bR (Qd¢(x;) +1) 


xiE V (G) 
= 16Hy(G) +8H4(G) +4H(G)+ YO (4delz:} + 4delz) +1 
xiEV (G) 
= 16H y(G) + 8H4(G) + 4H (G) + 4M, (G) + 8m+n. 














Corollary 2.16. Suppose Pa, Sn, Cn and Kn be the path, star cyclic and complete graphs 
with n vertices. Then 











Hy (SD [Pa]) = 16Hm (Pa) + 8H4 (Pa) + 4H (Pp) + 25n — 32 
Hy (SD [Sn]) = 16H m (Sn) + 8H4 (Sn) + 4H (Sn) + 10n — 10 
Hy (SD [C,]) = 16Hm (Cn) + 8Ha (Cn) + 4H (Cn) + 25n 

Hy (SD [|K,]) = 16Hy (Kn) + 8H4 (Kn) + 4H (Kn) + n(2n — 1)’. 


Theorem 2.17. Let G be a simple graph with m edges. Then the degree distance index of 
SD|G] is given by 


D(SD[G]) =8DD(G)+8W(G). 
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Proof. The degree distance index of S D|G] is 


D(SD[G]) = ` ldspja vi) + dspja(vs)ldspja Wi vs) 


1<i<j<n 


= y [dspiq\ (Xi) + dspja (£;)ldspja] (£i £4) 


1<i<j<n 


am y ldspia] (yi) + dspja (v; )ldspja] (Yi; Ys) 


1<i<j<n 
T p3 [dspja) (xi) + dspjaj (y;)ldspja] (£i, Ys) 


By lemmas 2.1, 2.2, 2.4 the last expression equals to 


XO [de (wi) + 2da (#5) + 2de (ai, £5) 


1<i<j<n 


4 ` [2da (xi) + 2da (xj) + 2]dg (a, £3) 











i È [2da (xi) + 2de¢ (x;) T 2]da (ti, Tj) 


= 2DD (G) + 2W (G) + 2DD (G) + 2W (G) + 4DD (G) +4W (G) 
= 8DD (G) + 8W (G). 





Theorem 2.18. Let G be a simple graph. The Gutman index of SD|G] is given by 


Gut (SD [G]) = 16Gut(G) +8DD(G)+4W(G)+ X` (2de(z:) +1). 
xiEV (G) 


Proof. The multiplicative Harary index of SD[G] is 


Gut(SD [G]) = ` dspjc] (vi)dspig (v;)dspiq] (vi, vj) 


1<i<j<n 


z2 y dspjaj (t:) dspja) (z;)dspja] (£i, £4) 


1<i<j<n 


+ ` dspja) (Yi) dspja] (y; dspja] (Yi, y) 


I<i<j<n 


P 2 ds pq) (xi) dsviq\ (Y;)dspja] (£i, yz) 
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By lemmas 2.1, 2.2 and 2.4 this expression equals to 


X. (2de (wi) + 1)(2de (#5) + Ide (wi, £3) 


l<i<j<n 


+ )_ de (ai) + 1)(2de (#3) + Ide (ai, 25) + 


1<i<j<n 


y (2da (xj) + 1) (2da (xj) + 1)da (xi, £3) 


+ XO (2de (ai) + 1)(2de (zi) + 1) 


zic V (G) 
= 4Gut (G) + 2DD (G) + W (G) + 4Gut (G) + 2DD (G) + W (G) 
+ 8Gut (G) + 4DD (G) + 2W (G) 
+ XO (2de(x;) +1)? 

zic V (G) 


= 16Gut(G) +8DD(G) +4W(G)+ XO (2de(ai) +1}. 
xiE V (G) 





Theorem 2.19. Suppose G is a graph of order n. The eccentric connectivity index of SD|G] 
is given by 


6° CSD [G]) = 46° (G) + 2¢ (G). 


Proof. 


C (SD [G]) = y dspica] (xi)eccespja] (xi) + x dsniq (ys )ecespiqy (yi). 


i=1 i=1 
By Lemmas 2.3 and Lemma 2.4 we have 


n n 


C° (SD [G]) = X` (2da(z;) + 1)ecca(z;) + X (2da(2:) + l)ecca (xi) 


i=1 i=n 
= 2 ` dalzijeccalzi) + 5 eccalzi) + 2 >P dg(x;)eccg(x;) + ` eccg(X;) 
i=l i=1 as ve 
= 4¢° (G) + 2¢(G) 
The following theorem is clear from Lemma 2.3. 


Theorem 2.20. Let G be a simple graph of order n. The total eccentricity index of SD|G] 
is given by 


¢ (SD [G]) = 2¢ (G). 
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